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1 Introduction
Strongly coupled systems at finite density display fascinating phenomena which are not seen
in their zero density cousins. Examples abound across different areas, including strange
metals and high temperature superconductors, the QCD quark-gluon plasma, fractional
quantum Hall states, and many others. Understanding the physics responsible for these
phases of matter is, however, extremely challenging, and it is crucial to develop new analytic
tools for this purpose.
Supersymmetry provides a tool that is well known to provide theoretical control over
highly non-trivial dynamics. In this work, and in [1], we propose to study finite density
systems using quantum field theory (QFT) dualities of supersymmetric gauge theories.
These dualities can provide analytic control even over situations with strong coupling,
where non-perturbative physics plays an important role. The lessons learned from such
supersymmetric theories and their dualities may be useful for understanding more general
– 1 –
J
H
E
P08(2014)031
QFTs. Indeed, the supersymmetric models under study can include fairly mild general-
izations of the conventional field theories of interest in condensed matter physics, such as
supersymmetric abelian gauge theories with charged “electron” flavors (as well as their
scalar superpartners) — this point has been discussed also in [2]. However, the dualities
of supersymmetric gauge theories and other SUSY results have not yet been systemati-
cally studied at finite density. There may be different reasons for this. One reason is that
supersymmetry does not seem to be directly realized in any condensed matter systems of
interest. This situation may now be changing — see [3–6] for proposals which could realize
supersymmetric field theories in condensed matter laboratories. Another reason, from a
more theoretical perspective, is that finite density generically breaks SUSY explicitly, and
so a priori it is not clear whether the techniques of supersymmetry can help one understand
phenomena of interest in field theory at finite density.
Our goal in this paper is to show that SUSY dualities constitute a powerful tool
for analyzing strong dynamics at finite density. In particular, we will see that they can
controllably realize many phenomena which are believed to occur in strongly correlated
systems, such as fractionalization, emergent gauge fields and novel states of compressible
quantum matter. As in the relativistic setup, we hope that these results will be relevant
for understanding useful toy models of condensed matter systems.
In [1] it was shown that some fraction of SUSY can be preserved even at finite density.
This allows one to apply exact SUSY results to finite densities of BPS defects. Here we will
explore another avenue. We will add a finite density of nonsupersymmetric impurities to a
SUSY theory that admits a dual description, and will work in a regime where these sources
are sufficiently small (compared to some physical scale that characterizes the SUSY duality,
as we explain in more detail below). The duality deduced from the supersymmetric limit
then holds to a good approximation and, as we shall see, can lead to striking predictions
for the low energy dynamics.
In this work we study three-dimensional SUSY QED (SQED) in the presence of mag-
netic impurities. This theory exhibits a type of particle-vortex duality called “mirror
symmetry” (reviewed in section 2) that turns out to be extremely useful for analyzing the
IR physics at finite density. This is a SUSY cousin of the abelian Higgs model/XY model
duality [7, 8]. The addition of supersymmetry leads to various novelties and allows for
a very precise mapping between the dual descriptions. Our main results will be explicit
realizations within SQED of phenomena that are conjectured in strongly interacting quan-
tum matter: fractionalization of electrons, emergent gauge fields in 2+1 dimensions, and
compressible phases of bosons (“Bose metals” [9]). Mirror symmetry provides an analytic
handle on these effects in the limit of strong coupling.
We begin in section 2 with the simplest case of U(1) SQED with N = 4 SUSY and
Nf = 1 electron hypermultiplet. Mirror symmetry relates the IR dynamics to the theory
of a single free vortex hypermultiplet. We add a density of external magnetic impurities
to the UV theory and find that this maps to a chemical potential for vortices. Mirror
symmetry reveals an emergent Fermi surface in the IR: the low energy phase is found to
be a Fermi liquid of vortices. This can be viewed as a simple and controlled example of
hybridization — fermion zero modes localized at the magnetic impurities in the electric
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theory, have been liberated and form a Fermi liquid in the magnetic dual. We also discuss
the mapping of nonsupersymmetric deformations in the electric and magnetic theory, and
use them to stabilize a superfluid instability of the theory.
Next, in section 3 we analyze SQED with Nf > 1 flavors. The mirror dual now has a
‘magnetic’ gauge group U(1)Nf−1 with Nf charged vortices. This provides an analytically
controlled realization of emergent gauge fields and fractionalization of electrons. Unlike
the Nf = 1 case, now both the electric and magnetic descriptions are strongly interacting
in the IR. Nevertheless, the nontrivial mapping of global symmetries still allows us to
derive useful results. In particular, using mirror symmetry for the self-dual Nf = 2 theory,
we argue that the theory of a gauge field interacting with a Fermi surface is dual to an
abelian gauge theory with a lattice of external magnetic impurities. This provides a new
window on theories similar to those which occur in discussions of non-Fermi liquid phases
and strange metals in heavy fermion systems and exotic superconductors.
Finally, in section 4 we discuss duality for N = 2 SQED doped with magnetic impu-
rities. The Nf = 1 model has richer dynamics than its N = 4 counterpart, with a mirror
dual that is a supersymmetric generalization of the strongly interacting Wilson-Fisher fixed
point. At tree level we find again a vortex Fermi liquid, but interactions with a gapless
boson lead to non-Fermi liquid behavior. We will discuss its one loop properties, as well
as deformations that can lead to a controlled expansion at low energies. Section 5 presents
our conclusions and future directions.
2 Emergent Fermi liquid in N = 4 SQED with one flavor
In this section we will show that the IR dynamics of 3d N = 4 SQED doped with magnetic
impurities gives rise to an emergent Fermi surface corresponding to a Landau-Fermi liquid
of fermionic vortices. The dynamics in the presence of sources that preserve 1/2 of the
supercharges was studied in [1]; here we will instead focus on nonsupersymmetric defects.
First we review the matter content, dynamics and duality of the theory. Next we turn
on a chemical potential for the topological U(1)J symmetry, which arises from external
vortices. We discuss the consequences of this in the UV (electric) theory and then use
mirror symmetry to analyze the low energy dynamics, where we will find an emergent
Fermi surface for the composite fermions.
2.1 Super QED and mirror symmetry
We begin by reviewing the dynamics of 3d SQED with U(1) gauge group, one flavor and
N = 4 supersymmetry. At strong coupling, the theory flows to a nontrivial conformal field
theory that admits a mirror dual description in terms of free vortices with the same amount
of supersymmetry [10–12]. We will explain in detail the mapping of external sources and
global symmetries, which will be important for adding electric and magnetic impurities to
the theory.
Let us recall first the fact that in 2 + 1 dimensions a gauge field Aµ is dual to a scalar
γ — the “dual photon”. The duality transformation is
Fµν = µνρ∂
ργ . (2.1)
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The abelian gauge field gives rise to a global U(1)J current that shifts the dual photon,
Jµ =
1
2
µνρF
νρ = ∂µγ . (2.2)
Note that current conservation follows from the Bianchi identity for the gauge field. The
U(1)J current plays an important role in particle/vortex dualities, because its charge is
carried by sources of magnetic flux, i.e. vortices or monopoles.
2.1.1 The electric description
In the UV, the theory is weakly coupled and described in terms of the electric variables.
It contains: i) an N = 4 vector multiplet V, which consists of an N = 2 vector multiplet
V = (Aµ, σ, λ,D) and a chiral multiplet Φ = (φ, ψφ, Fφ); and ii) an N = 4 hypermultiplet
Q, consisting of two N = 2 chiral multiplets Q = (q, ψq, Fq) and Q˜ = (q˜, ψq˜, Fq˜) of opposite
charge under the U(1). The global symmetries are SU(2)L × SU(2)R × U(1)J , where the
nonabelian subgroups are R-symmetries, and U(1)J is the topological symmetry introduced
in (2.2). Since the global symmetries are not manifest when the theory is written in terms
of N = 2 superfields, it is instead more convenient to group the fields as follows:
SU(2)L SU(2)R U(1)J
e2piiγ/g
2
1 1 1
φ(ij) 3 1 0
λia 2 2 0
qa 1 2 0
ψi 2 1 0
(2.3)
Here γ is the dual photon, which is the only field charged under the topological U(1)J .
The triplet φ(ij) = (σ,Reφ, Imφ). All the fermions are two-component (i.e. 3d Dirac
fermions). The gauginos λia group the partner λ of Aµ and ψφ; they satisfy a reality
condition λ†ia = ijab λjb. The doublet of complex scalars is defined as qa = (q, q˜
∗), and
for the fermions, ψi = (ψq, ψ
∗
q˜ ). The notation for all the fields here is the same as in [1].
The Lagrangian of the theory is
Lel = LV (V) + LH(Q,V) (2.4)
where the kinetic terms for the vector superfield are
LV (V) = 1
g2
(
−1
4
F 2µν +
1
2
(∂µφ(ij))
2 + iλ¯ia 6∂λia + 1
2
D2(ab)
)
(2.5)
and the terms for the hypermultiplet are given by
LH(Q,V) = |Dµqa|2+iψ¯i 6Dψi−φ2(ij)|qa|2−φ(ij)ψ¯iψj+
√
2(iλ¯iaq
†
aψi+c.c.)+D(ab)q
†
aqb (2.6)
Here D(ab) is the triplet (D,ReF, ImF ) of auxiliary components of the N = 4 vector
superfield.
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The theory has a Coulomb branch parametrized by (φ(ij), γ), and for Nf = 1 there is
no Higgs branch (the only solution to the F and D-term conditions is q = q˜ = 0). There
is only one coupling g2 with dimensions of mass. In the IR, the theory with Nf = 1 flows
to a fixed point that admits a weakly coupled dual, while the Nf > 1 theories (studied in
section 3) have a non-trivial superconformal field theory living at the origin of the moduli
space in both descriptions.
2.1.2 Mirror symmetry and magnetic description
The IR fixed point admits a description in terms of weakly coupled magnetic variables,
which are the vortices of the original theory. The dual arises as the sigma model along
the Coulomb branch. Integrating out the massive hypermultiplet at an arbitrary Coulomb
branch point ~φ corrects the gauge coupling function
1
g2L
=
1
g2
+
1
4pi|~φ|
. (2.7)
This expression is exact to all orders in perturbation theory and also nonperturbatively.
The effective theory is then a sigma model with Taub-NUT metric [10, 11],
Leff =
1
2g2
(
H(φ)(∂µ~φ)
2 +H−1(φ)
(
∂µγ +
1
2pi
~ω · ∂µ~φ
)2)
(2.8)
with
H(φ) = 1 +
g2
4pi|~φ|
, ~∇× ω = ~∇H . (2.9)
In the IR limit g2/|φ| → ∞ we obtain the mirror dual, which consists of a free N = 4
hypermultiplet (V+, V−). The bosons are obtained from the map
vi ≡
(
v+
v∗−
)
=
√
|~φ|
2pi
e2piiγ/g
2
(
cos θ2
eiϕ sin θ2
)
, ~φ = |~φ|(cos θ, sin θ cosϕ, sin θ sinϕ) (2.10)
and the fermions
ψa ≡
(
ψ+
ψ∗−
)
=
1√
2
vaλ
2pi
∑
i |vi|2
. (2.11)
Here vi = (v+, v
∗−) is a doublet of complex scalars, and ψa = (ψ+, ψ∗−) is a doublet of
3d Dirac fermions. (We don’t distinguish between the 2 and 2¯ representations). See also
the recent discussion in [2], where the fermionic terms are obtained using supersymmetry
transformations.
The global symmetries of the theory are
SU(2)L SU(2)R U(1)J
vi 2 1 1
ψa 1 2 1
(2.12)
The Lagrangian is simply
Lmag = |∂µvi|2 + iψ¯a 6∂ψa . (2.13)
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Note that at low energies the scalars and fermions are approximately decoupled. There are
interactions suppressed by powers of |~φ|/g2, which can be obtained by using the exact one
loop action (2.8).
We see that the gauginos of the U(1) electric theory (which are gauge singlets) bind with
the dual photon e2piiγ/g
2
(and with a combination of Coulomb branch scalars determined
by the Taub-NUT geometry) to yield the elementary charged fermions ψa of (2.11). We
will shortly show how to obtain an emergent Fermi surface for these composite fermions.
We also note that, consistently with the N = 4 supersymmetry, we also obtain elementary
scalars vi charged under the U(1)J . The Coulomb branch of the electric theory maps to the
Higgs branch of the magnetic description via (2.10). Below we will use soft supersymmetry
breaking deformations to lift these directions.
Mirror symmetry is a supersymmetric version of the XY/abelian Higgs duality of [7, 8],
but there are also differences that will be crucial for us. The high degree of supersymmetry
allows to determine explicitly the map between the electric and magnetic variables, and
provides a fully calculable IR description. More importantly for our purpose, there are
composite fermions in the IR, which are absent from the nonsupersymmetric version of the
duality. It is in terms of these fermions that we will obtain the emergent Fermi surface.
2.1.3 External sources
In this work we will deform N = 4 SQED and its mirror dual by adding external sources,
so let us now discuss how they map across the duality.
In the electric theory, we turn on a background vector multiplet Vˆ that couples to the
U(1)J supercurrent. In terms of the dynamical vector multiplet V, these sources give BF
interactions
LBF =
1
2pi
(
−1
2
µνρAµFˆνρ + φ(ij)Dˆ(ij) + φˆ(ab)D(ab) + iλiaλˆia
)
. (2.14)
Here D(ab) is the triplet (D,ReF, ImF ) of auxiliary components of the N = 4 vector
superfield. The supersymmetric extension of this includes the triplet Dˆ(ij), which gives
real and complex masses to the hypermultiplet, and φˆ(ab) includes the usual (real) FI term
plus a complex linear source for the F-term.
As is clear from LBF, the sources transform according to
SU(2)L SU(2)R U(1)J
Aˆµ 1 1 0
Dˆ(ij) 3 1 0
φˆ(ab) 1 3 0
λˆia 2 2 0
(2.15)
Note that integrating out the auxiliary D(ab) sets
D(ab) = −g2
(
q†aqb +
1
2pi
φˆ(ab)
)
(2.16)
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and gives a quartic interaction
VD =
1
2
g2
(
q†aqb +
1
2pi
φˆ(ab)
)2
. (2.17)
The action for the magnetic theory in the presence of sources is given by
LH(Qˆ, Vˆ) = |Dˆµvi|2 + iψ¯a 6Dˆψa − φˆ2(ab)|vi|2 − φˆ(ab)ψ¯aψb +
√
2(i
¯ˆ
λiav
†
iψa + c.c.) + Dˆ(ij)v
†
i vj
(2.18)
where Aˆµ is the U(1)J connection
Dˆµ = ∂µ − iAˆµ . (2.19)
Dˆ(ij) is a background D-term for v
†
i vj , and φˆ(ab) gives real and complex masses.
2.2 Adding a chemical potential for the U(1)J symmetry
Now we come to the main part of our analysis, where we add a constant chemical potential
µ for the U(1)J symmetry. This is an expectation value for the background gauge field
Aˆ0 = µ. In order to be able to use the mirror duality, the source is required to be small in
units of the gauge coupling,
Aˆ0  g2 . (2.20)
In the UV only the dual photon is charged under this symmetry; in particular, there are
no charged fermionic excitations. We will show that an emergent Fermi surface of the
fermions ψa forms at low energies.
Let us begin by analyzing the weakly coupled limit in terms of the electric variables.
Physically, the chemical potential for U(1)J comes from inserting a lattice of nondynamical
vortices that source a magnetic field for the gauge U(1). We will work at distances much
larger than the lattice spacing, so that the magnetic flux from the vortices can be averaged
and the U(1)J chemical potential is approximately constant.
1 For a constant chemical
potential, neglecting the interactions with the hypermultiplet (which is justified e.g. far
along the Coulomb branch due to the large hypermultiplet mass), one obtains
Fij = ij
g2
2pi
Aˆ0 . (2.21)
The limit where the chemical potential is exactly constant is a bit ambiguous because
any constant Fij is a solution. Here, we determine (2.21) by allowing for a small position
dependence and requiring that Fij → 0 in the absence of sources. At this order, we then
have a background magnetic field for the gauge U(1). The total charge (2.2) carried by
this configuration is
Q =
∫
d2xJ0 =
g2
2pi
Aˆ0 V2 (2.22)
where V2 is the spatial volume. We can interpret this physically as having inserted a lattice
of nondynamical vortices with density g
2
2pi Aˆ0, each carrying a unit of magnetic flux.
1We note that the structure of the lattice could be important for transport properties, something that
would be interesting to study in more detail.
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Classically, the nonzero magnetic field B = 12ijFij gives Landau levels for the hyper-
multiplet bosons and fermions, with a nonsupersymmetric spectrum
E
(n)
fermion = ±
√
2n|B| , E(n)boson = ±
√
(2n+ 1)|B| , (2.23)
with n = 0, 1, . . . the Landau level index. Each level has degeneracy
ν =
|B|
2pi
V2 . (2.24)
The fermion has a lowest Landau level with E = 0, but the bosonic spectrum is gapped.
Also, the n ≥ 1 levels have both particle and antiparticle solutions, while the n = 0 level
is special in that it only describes particles. When the representations are combined into
Dirac fermions, the degeneracy of the n ≥ 1 levels is then twice that of the lowest Landau
level, something that can lead to interesting experimental consequences in systems such as
graphene. At tree level, the Coulomb branch of the electric theory is not lifted.
The splitting between bosons and fermions leads to quantum-mechanical corrections
to this picture. The electric description is useful far along the Coulomb branch, |~φ|  g2,
where the theory is weakly coupled; so let us see what happens in this limit. We need
to calculate the Coleman-Weinberg potential along the Coulomb branch, from integrating
out the massive hypermultiplet with spectrum (2.23). The result can be deduced from
the following argument. The Taub-NUT sigma model (2.8) is obtained by integrating out
the hypermultiplets at an arbitrary Coulomb branch coordinate ~φ, and keeping terms to
second order in derivatives. Now, recalling (2.20), far along the Coulomb branch we have
|B|  |~φ|2, so we only need the leading dependence on the magnetic field. This dependence
is quadratic and is captured by the F 2µν term of the Taub-NUT one loop action,
L = − 1
4g2
1
1 + g
2
4pi|~φ|
F 2µν + . . . (2.25)
This implies that the Coleman-Weinberg potential in a nonzero magnetic field (2.21), far
along the Coulomb branch, is given by
VCW ≈ B
2
16pi|~φ|
. (2.26)
This agrees with the limit of large |~φ| of [13], who also calculated the exact one-loop
answer,
VCW =
( |B|
4pi
)3/2 ∫ ∞
0
ds
e−|~φ|2s/|B|
s3/2
th
s
2
. (2.27)
This integral may be expressed in terms of the generalized Riemann-zeta function ξ(z, a),
in the following form:
VCW =
|B|3/2√
2pi
{
ξ
(
−1
2
,
|~φ|2
2|B| +
1
2
)
− 1
2
ξ
(
−1
2
,
|~φ|2
2|B|
)
− 1
2
ξ
(
−1
2
,
|~φ|2
2|B| + 1
)}
. (2.28)
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Figure 1. Plot of the exact potential (2.27) [in blue] and the approximations at large values (2.26)
[in violet] and small values (2.29) [in brown], that produce the instability along the Coulomb branch.
Using this result we can derive an analytic expression valid near the origin:
VCW ≈
(
2
√
2− 1) ζ(3/2)
8pi2
|B|3/2 − |B|
4pi
|~φ| . (2.29)
The exact expression (2.27) and the series expansions (2.26) and (2.29) are compared in
figure 1.
We should stress that in this analysis B and |~φ| have been treated as background fields
for the massive hypermultiplet. In the full theory, these fields are dynamical and one needs
to extremize the full potential that includes, besides the Coleman-Weinberg contribution,
the kinetic terms for these fields as well as the source term. In particular, extremizing
with respect to B yields a potential as a function of |~φ| and Aˆ0 only; at small values of the
Coulomb branch field this prediction turns out to agree with the result from the magnetic
theory, discussed below.
We conclude that a lattice of external vortices leads to a quantum instability — a
runaway towards infinity — along the Coulomb branch. In the magnetic description, this
instability will arise from the condensation of scalar fields in the presence of a chemical
potential. Anticipating the results from the mirror description, we point out that this
instability will not gap the emergent Fermi surface, so in itself it is not an obstruction for
our mechanism.
Nevertheless, we will be interested in stabilizing the runaway. A simple way to ac-
complish this is to add supersymmetry breaking terms that lift the Coulomb branch. As
long as these deformations are much smaller than the gauge coupling, their effect can be
analyzed very explicitly both in the electric and magnetic theory, using the mirror map
derived before. In the electric theory, we can add a nonsupersymmetric term
V ⊃ cα|~φ|α , (2.30)
which is allowed by the global symmetry group. This maps to V ⊃ |vi|2α in the magnetic
description. Note that any α > 0 lifts the runaway (2.26). In particular, adding (2.30)
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Figure 2. Coulomb-branch potential including the supersymmetry breaking deformation (2.30),
for α = 2 on the left, and α = 1 on the right. The nonanalytic behavior near the origin |~φ|2 = 0
becomes analytic in terms of the weakly coupled magnetic variables.
to the one loop potential, we find that α = 2 (a soft supersymmetry breaking mass)
gives a minimum away from the origin, while for α = 1 the minimum is at the origin for
cα ≥ |B|/(4pi).2 These two possibilities are shown in figure 2. We will find the same behav-
ior using the magnetic description, thus confirming the duality with nonsupersymmetric
deformations.
2.3 Emergent Fermi surface in the magnetic description
At low energies, the theory becomes strongly coupled and the appropriate description is
in terms of the magnetic variables. In the presence of the U(1)J chemical potential the
magnetic theory Lagrangian becomes
L = |(∂0 − iAˆ0)vi|2 − |∂jvi|2 + iψ¯a
[
γ0(∂0 − iAˆ0) + γj∂j
]
ψa . (2.31)
Since vi and ψa are charged under U(1)J (see table (2.12)), the chemical potential appears
in the covariant derivatives for both fields. In the low energy limit they are approximately
decoupled, and hence we obtain a superfluid 〈vi〉 6= 0 coexisting with a Fermi surface.
In this way, N = 4 SQED provides an explicit and calculable example of an emergent
Fermi surface. The microscopic theory has a nonzero chemical potential with no charged
fermionic excitations (or, equivalently, a lattice of bosonic magnetic impurities), and in
the IR there are composite charged fermions that organize into a Fermi liquid. The U(1)J
charge in the UV is proportional to the volume of the Fermi surface in the IR. This gives
an analytic realization of a Bose metal [9].
As it stands, the theory has an instability where the scalars condense, breaking SU(2)L
×U(1)J → U(1). This instability is the dual of the Coleman-Weinberg instability for the
Coulomb branch in the presence of magnetic impurities. The latter is quantum-mechanical,
while the former is seen in the tree level mirror description. Moreover, the condensation
2We discuss α = 1 here even though it is not analytic in terms of the electric variables, because it
becomes analytic in the magnetic dual variables, which are more relevant near the origin as they have a
smooth Ka¨hler potential.
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of the scalar fields does not lift the Fermi surface. In fact, the superfluid and the Fermi
surface are distinguished by the global SU(2)L an SU(2)R symmetries.
Let us discuss how to stabilize the scalar fields. Following the discussion of the elec-
tric theory, we add a nonsupersymmetric potential for the vi consistent with the global
symmetries which, combined with the contribution from the chemical potential, reads
V = c˜α(|v+|2 + |v−|2)α − Aˆ20(|v+|2 + |v−|2) . (2.32)
The form of the nonsupersymmetric potential is obtained from (2.30) using the map be-
tween electric and magnetic variables. The most relevant nonsupersymmetric deformations
that are analytic in the magnetic variables and stabilize the runaway correspond to α = 1, 2.
For α = 1 and c˜α > Aˆ
2
0, we find a stable minimum at 〈vi〉 = 0, while for α = 2 there is a
minimum away from the origin corresponding to a stable superfluid phase. This matches
precisely the behavior that we found in the electric theory with supersymmetry break-
ing deformations (including the fact that for α = 1 the origin is stable for large enough
c˜α), thus providing a very nontrivial check for our mapping of supersymmetry breaking
deformations.
In summary, the possible long distance phases of N = 4 SQED doped with a uniform
density of magnetic impurities (a U(1)J chemical potential) are
A) a symmetric phase with an emergent Fermi surface described by a weakly coupled
Fermi liquid, together with gapped bosons
B) an emergent Fermi surface coexisting with a stable superfluid phase, with symmetry
breaking pattern SU(2)L × SU(2)R ×U(1)J → SU(2)R ×U(1).
Note that in both cases the U(1)J charge of the microscopic theory is proportional to
the volume of the Fermi surface at low energies. Phase A) is an example of emergent
compressible quantum matter. It provides a strongly coupled but fully calculable example
supporting the conjecture of [14] that systems with a chemical potential for a global U(1)
symmetry, where the symmetry and translations are unbroken, have Fermi surfaces.
We note that this model provides a clean example of ‘hybridization’ of the sort thought
to occur in Kondo lattice models, where magnetic defects with tightly bound electrons
contribute their electron count to the size of the Fermi surface at low energies. Here, the
magnetic defects are visible in the UV electric theory, while the IR magnetic theory sees a
Fermi surface of itinerant fermions whose volume precisely captures the defect density.3
3 Fractionalization and emergent gauge fields in multiflavor SQED
Having understood the dynamics of SQED with one flavor in the presence of magnetic
impurities, we now generalize the theory to include Nf electrons. We will see that at
3By the index theorem for the Dirac operator in two dimensions, the number of fermionic zero modes
localized on each magnetic impurity is given by the magnetic flux, which agrees with the charge density of
the dual Fermi surface. See [15] for an analysis of more general spatially dependent impurities and their
effects on vortices.
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low energies the electrons fractionalize and emergent gauge fields appear. Using mirror
symmetry we will also argue that the theory of a Fermi surface coupled to a gauge field
is dual to a model with external magnetic impurities. While both systems turn out to
be strongly coupled in the IR, this new perspective may be helpful for understanding the
dynamics of non-Fermi liquids with gapless bosons.
3.1 Fractionalization and emergent gauge fields
Before proceeding to the explicit analysis, it is useful to make contact with some of the ideas
of condensed matter physics that will be realized in our setup. Pedagogical discussions of
these ideas can be found in e.g. [16–18].
Consider a lattice of spin 1/2 degrees of freedom coupled antiferromagnetically,
H = J
∑
〈ij〉
~Si · ~Sj + . . . (3.1)
The antiferromagnetic coupling J > 0 tries to align the spins in antiparallel directions, and
at low temperatures spins typically order and break the SU(2) spin symmetry. However,
there are systems where additional contributions tend to disorder the ground state, such as
frustrated lattices, quantum fluctuations, etc. In order to describe these cases, the lattice
spin operators are decomposed into two-component spinors
~Si =
∑
αβ
f †iα~σαβfiβ (3.2)
where ~σ are the Pauli matrices.
The fi are called ‘spinons’ because they carry spin but no charge and the decomposition
of the ~Si into the bilinear (3.2) is known as ‘fractionalization’. An important aspect of this
representation is that it has a gauge redundancy fiα → eiϕifiα. The effective theory for fi
then includes an emergent gauge field, with a kinetic term that can be generated quantum-
mechanically. Such gauge fields lead to strong interactions between the spinons even in
the absence of magnetic order, and are thought to be responsible for the formation of spin
liquid states.
Similar ideas appear in the context of non Fermi liquids. Propagating electrons ψiα
(where i is the lattice site and α is the spin index) may be fractionalized into degrees of
freedom that carry the spin and the charge:
ψiα = fiαb
†
i . (3.3)
Here b†i creates a hole at site i, while fiα destroys a spin. The spinon carries the SU(2)
spin, while the ‘holon’ bi carries the electromagnetic charge. As before, this description has
a gauge redundancy fiα → eiϕifiα, bi → eiϕibi and at low energies we expect a dynamical
gauge field. Therefore, the effective theory will have a Fermi surface interacting with a
gauge field. Understanding the dynamics of this strongly coupled system is an important
open problem in condensed matter physics.
We note that fractionalization is somewhat counter to the intuition from relativistic
gauge theories in four dimensions, where the strong dynamics tends to confine degrees of
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freedom at low energies. Here instead, degrees of freedom are deconfined at long distances.
Nevertheless, we will now see that mirror symmetry leads precisely to relations like (3.2)
and (3.3) between the UV and IR fields.
3.2 Mirror symmetry for SQED with Nf flavors
Mirror symmetry for N = 4 SQED with Nf flavors was originally proposed in [10], and
can be nicely derived from the Nf = 1 case by taking Nf powers of the superdeterminant
formula of Kapustin and Strassler [12].
The electric description is given by U(1) SQED with Nf electron hypermultiplets
QIi = (QI , Q˜∗I), I = 1, . . . , Nf . The global symmetries are
SU(2)R × SU(2)L ×U(1)J × SU(Nf ) (3.4)
where the action of the R-symmetries SU(2)R × SU(2)L is the same as in section 2, U(1)J
is the topological symmetry dual to the gauge U(1), and SU(Nf ) is the flavor symmetry
for the Nf hypermultiplets. The theory has a Coulomb branch of real dimension 4 which
is parametrized by the dual photon γ and the triplet of scalars ~φ in the N = 4 vector
multiplet. The Higgs branch has real dimension 4(Nf − 1), and is given by the space C2Nf
of (QI , Q˜
∗
I), modulo D- and F-term constraints,
Nf∑
I=1
(|QI |2 − |Q˜I |2) = 0 ,
Nf∑
I=1
QIQ˜I = 0 . (3.5)
The origin of moduli space flows in the IR to an interacting CFT, which is the focus of this
work. Also, semiclassically along the Coulomb branch there are vortex creation operators
V± ∝ e±2piiγ/g2 (3.6)
where γ is the dual photon introduced in section 2.
The mirror description is a quiver gauge theory with magnetic gauge group U(1)Nf−1
and Nf hypermultiplets QˆIi. The I-th hypermultiplet is a bifundamental with charge +1
under the I-th U(1) factor and charge −1 under U(1)I−1. Here U(1)0 and U(1)Nf are
not part of the gauge group, so that the first and last hypermultiplets are fundamentals
(instead of bifundamentals) of U(1)1 and U(1)Nf−1 respectively.
4 The dual electric and
magnetic quiver gauge theories are shown in figure 3.
The global symmetries of the magnetic theory at the classical level are
SU(2)R × SU(2)L ×U(1)Nf−1J ×U(1) . (3.7)
Besides the R-symmetries, there are now Nf−1 topological global symmetries from dualiz-
ing the Nf−1 U(1) factors, and an additional global U(1) under which all the Qˆ have charge
4Using the result of [12], this quiver is obtained by starting from a U(1)Nf theory with Nf flavors where
the I-th flavor is charged under the I-th U(1) factor, and then setting to zero the total sum of the U(1)
generators.
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Figure 3. Quiver theories for mirror symmetry with Nf flavors. On top, the electric U(1) gauge
theory with Nf flavors Q. On the bottom, magnetic dual with gauge group U(1)Nf−1 and Nf
flavors Qˆ. A node represents a U(1) gauge factor, and an incoming arrow is a positively charged
hypermultiplet.
1/Nf (the normalization is set by the mapping of vortices, explained below). This model
has a Coulomb branch of real dimension 4(Nf − 1), and a Higgs branch of dimension 4.
The mapping of global symmetries under the duality is more nontrivial than in the
Nf = 1 case. The electric theory has a nonabelian SU(Nf ) flavor symmetry. Its Cartan
subgroup U(1)Nf−1 maps to the topological U(1)Nf−1J . This means that at strong coupling,
the magnetic U(1)
Nf−1
J should be enhanced to a full SU(Nf ) — the details of this, which
depend on properties of vortex operators, are not completely understood yet. On the other
hand, the topological U(1)J of the electric theory maps to the global U(1) of the magnetic
theory under which all the Qˆ have the same charge 1/Nf . The charge assignment is a
consequence of the vortex mapping, which can be read off from the hyperkhaler metric of
the magnetic theory. The unit-charge vortex operators V± (which semiclassically behave
like V± ∼ e±2piiγ/g2) are identified with products of elementary magnetic flavors,
V+ ↔ Qˆ1 . . . QˆNf , V− ↔ ˆ˜Q1 . . . ˆ˜QNf (3.8)
Note that for Nf = 1, this reproduces what we saw in section 2 — the vortices of the
electric theory become elementary fields in the IR. In contrast, for Nf > 1 the integer-
charged vortices of the electric theory split into vortices Qˆ of fractional charge. However,
the fractional charge cannot be observed in gauge invariant operators.
Under mirror symmetry, the Higgs and Coulomb branch are interchanged. More specif-
ically, the triplet of Coulomb branch scalars of the electric theory maps to the Higgs branch
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coordinates of the magnetic theory,
~φ ↔
∑
I
qˆ†Ii~σij qˆIj , (3.9)
where qˆ is the scalar component of the hypermultiplet Qˆ. The precise numerical coefficient
in this map, which we will not need, can be calculated from the Taub-NUT metric generated
by integrating out Nf flavors in the electric theory.
At this point we can compare with the discussion of section 3.1. We see that (3.9) has
precisely the structure (3.2) for the fractionalization of lattice spins into spinons. Moreover,
in the sum over the magnetic flavors there are Nf phase ambiguities. Of these, Nf − 1 are
the emergent gauge fields of the magnetic quiver theory, while the sum of all the phases is
the U(1) global symmetry in (3.7). The appearance of this global symmetry is special to
three dimensions where, as we discussed before, a gauge symmetry gives rise to a conserved
current; also, in this case the dual photon appears as the overall (dynamical) phase of the
magnetic flavors.
In this way, mirror symmetry provides an analytically controlled realization of frac-
tionalization and emergent gauge fields. The separation into spinons (3.9) is determined
(and protected) by N = 4 SUSY. There is also a version of the separation of an electron
into a spinon-holon pair, eq. (3.3). Indeed, the SUSY partner of (3.9) implies that the elec-
tric theory gaugino corresponds to a product of scalar and fermion flavors in the magnetic
theory: λia ↔
∑
I qˆ
†
Ii ψˆIa + c.c., where ψˆIa is the superpartner of qˆIi. We thus find spin
and charge separation into qˆ and ψˆ; instead of the abelian electromagnetic charge here we
have nonabelian SU(2) symmetries.
3.3 Duality for a Fermi surface coupled to a gauge field
An important aspect of the duality is that the topological U(1)J of the electric theory is
mapped to the global U(1) in the magnetic theory, under which all the magnetic flavors
have charge 1/Nf . This generalizes the mapping studied in section 2. A background vector
multiplet Vˆ for U(1)J then appears in the electric theory via the BF interaction (2.14), while
in the magnetic theory it enters through the covariant derivatives for the Qˆ flavors. In fact,
the situation is now more symmetric between the electric and magnetic theory, because the
topological U(1)
Nf−1
J symmetries of the magnetic theory, which enter the action through
BF interactions, map to flavor symmetries U(1)Nf−1 ⊂ SU(Nf ) in the electric theory. This
will become even more explicit in the generalization discussed in section 3.4.
Let us now add external impurities, focusing for simplicity on the case Nf = 2. The
electric and magnetic theories are self-dual (both are U(1) gauge theories with two flavors),
though the mapping of global symmetries is still nontrivial. In particular, let us add a
lattice of magnetic impurities to the electric description which, at distances larger than the
lattice spacing, amounts to a U(1)J chemical potential. The dual is a U(1) gauge theory
with a chemical potential for the two flavors.
The weakly coupled dynamics of the electric theory is a straightforward generalization
of the Nf = 1 discussion. The lattice of magnetic impurities sources a magnetic field; the
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fermionic components of QI have zero modes localized on each impurity, with degener-
acy proportional to the magnetic charge. The scalar partners are gapped. Averaging the
magnetic field over distances larger than the lattice spacing gives two copies of Landau
levels (2.23). The lowest Landau level of the fermions has E = 0 and a ground state degen-
eracy that agrees with the number of zero modes localized at each impurity times the area.
The scalars Landau levels are gapped. The Coulomb branch fields are classically massless
but acquire a one-loop Coleman-Weinberg instability. As we discussed in section 2.2, the
instability is lifted by adding supersymmetry breaking deformations V ⊃ |~φ|α. Therefore,
the gapless degrees of freedom are a gauge field interacting with fermion zero modes ψIi
localized at the magnetic impurities.
Because of the emergent gauge field, the dynamics in the magnetic theory for Nf > 1
is much more interesting than the Nf = 1 case. At tree level we have a chemical potential
for the global U(1) under which the two hypermultiplets (Qˆ1, Qˆ2) have the same charge.
The scalar components are thus tachyonic at tree level, and the instability is lifted by a
nonsupersymmetric deformation that is dual to the one introduced in the electric theory.
There are additional massless scalars from the vector multiplet, which are lifted by quantum
corrections — this is dual to the tree level statement that the Higgs branch of the electric
theory is gapped by the magnetic field. In summary, the magnetic theory gives rise to a
Fermi surface for the fermions (ψˆI ,
ˆ˜
ψI), I = 1, 2, interacting with a U(1) gauge field.
In this way, we obtain a rather surprising duality between the theory of a Fermi surface
for two Dirac fermions interacting with a gauge field, and a gauge theory with external
magnetic impurities and two charged Dirac fermions. This generalizes to Nf > 2 by
having extra gauge fields coupled to the Fermi surface in the magnetic side, and additional
electrons interacting with the lattice of impurities in the electric description. The theory of
a gauge field interacting with a Fermi surface plays an important role in recents attempts to
understand non-Fermi liquids and high temperature superconductors (for early references
see [19–21]), so its realization within SQED and its dual description are results that could
have more general relevance. Both models are strongly coupled, but in a very different way.
It would be very interesting to analyze in detail the dynamics of the model with magnetic
impurities and its large Nf limit.
3.4 D-brane interpretation and further generalizations
Let us end our analysis by reviewing the D-brane realization of the N = 4 theories and
mirror symmetry [11, 22, 23], which provides a geometric interpretation for some of the
phenomena that we have encountered.
Consider the electric theory with Nf flavors in type IIB string theory. The three di-
mensional U(1) vector multiplet is given by a single D3 brane extended along the spacetime
directions (0126) and ending between two NS5 branes that are extended along (012345)
and are at different points in the 6-th direction. The flavors come from Nf D5 branes
along (012789). A lattice of magnetic impurities is given by inserting D1 branes5 of infinite
5These are magnetic monopoles from the point of view of the D3-brane worldvolume.
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Figure 4. D-brane model for U(1) SQED with Nf flavors, with one magnetic impurity (D1 brane)
inserted. The common space-time directions (012) are not shown.
length, extended along (03) and located at points on the field theory spatial directions
(12). The D-brane construction is shown in figure 4.
The dual description is obtained by applying the S-duality of type IIB string theory to
this brane configuration. Recalling that the D3 is self-dual, and that S-duality exchanges
D1 and F1, and D5 and NS5, respectively, we obtain the D-brane system of figure 5. The
matter content of the magnetic quiver is now clear: each D3 segment between two adjacent
NS5 branes gives rise to a U(1) multiplet, so the gauge group is U(1)Nf−1. Open strings
stretched between adjacent D3 segments are the bifundamental fields. The first and last D3
segments, which extend between a D5 and NS5, have no worldvolume degrees of freedom;
the open strings that stretch across the first/second and (Nf − 1)/Nf D3 segments are
associated to Qˆ1 and QˆNf , respectively. Furthermore, the impurity has become an F1
string, which couples electrically to the charged fields, hence giving rise to a chemical
potential.
One aspect to note in this construction is that the external sources represented by the
D1s or F1s preserve half of the supercharges. The effect of these BPS sources was studied
in [1], where it was shown how some of the supersymmetries are preserved by turning on
‘superpartners’ of the chemical potential or magnetic field. Here, instead, we have added
nonsupersymmetric impurities, setting these superpartners to zero. It would be interesting
if such deformations admit a D-brane realization, either by rotating the branes through
different angles or by turning on additional worldvolume parameters.
Mirror symmetry can be extended to more general abelian theories [23]. For instance,
in the previous D-brane realization of the electric theory we can consider r+ 1 NS5 branes
(instead of just two). This makes the duality between electric and magnetic descriptions
more symmetric: the electric theory has r + 1 NS5 branes and Nf D5 branes, while the
magnetic dual has r + 1 D5 branes and Nf NS5 branes. As a result, mirror symmetry
relates
• an N = 4 U(1)r gauge theory with Nf hypermultiplets QI
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Figure 5. D-brane model for the magnetic description, a U(1)Nf−1 SQED with Nf flavors. Also
shown is an insertion of an electric impurity (F1 string).
• an N = 4 U(1)Nf−r gauge theory with Nf hypermultiplets QˆI .
The structure of the quivers can be easily deduced from the brane construction, as in the
r = 1 case that we just discussed. The global (non R-symmetries) of these theories include
U(1)
Nf−r
F ×U(1)rJ in the electric theory, and U(1)rF×U(1)
Nf−r
J in the magnetic dual. Mirror
symmetry exchanges the flavor and topological symmetries of both sides.
We can now add impurities to this duality in different ways. For instance, a lattice
of magnetic impurities for one of the U(1) gauge factors in the electric theory will result
in a chemical potential for one of the flavor symmetries in the mirror. This generalizes
the duality of section 3.3 for the Fermi surface coupled to a gauge field by adding more
relativistic degrees of freedom (e.g. extra gauge fields and bifundamentals) that are coupled
to the Fermi surface. It would be interesting to analyze the dynamics of these models.
4 Emergent non-Fermi liquid in N = 2 SQED
So far we have considered N = 4 theories with impurities and the dynamics predicted
by mirror symmetry. For Nf = 1 we obtained a weakly coupled Fermi liquid of vortices,
while larger Nf led to emergent gauge fields. Now we will study theories with half of
the supersymmetries (N = 2), which lead to novel effects — such as SUSY Wilson-Fisher
fixed points — not observed in their N = 4 partners. In particular, we focus on the N = 2
theory with U(1) gauge group and Nf = 1, for which already both the electric and magnetic
description are strongly coupled in the IR. The addition of magnetic impurities will then
lead to an interacting Fermi surface of vortices.
4.1 Mirror symmetry in N = 2 SQED
Let us review the duality for the N = 2 theory [24–26].
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The electric theory is obtained from N = 4 SQED by lifting the Coulomb branch chiral
superfield Φ. This may be accomplished by adding a new chiral superfield S to the N = 4
theory, with superpotential
W = SΦ . (4.1)
This lifts Φ and S and breaks half of the supersymmetries, leaving N = 2 QED with U(1)
gauge group and one flavor (Q, Q˜). Unlike the previous section, it is now convenient to
work with N = 2 superfields, in terms of which the Lagrangian reads
Lel =
∫
d4θ
(
Q†e2VQ+ Q˜†e−2V Q˜
)
+
1
2g2
∫
d2θW 2α + c.c.+ LBF , (4.2)
where LBF includes the external sources (2.14) restricted to the N = 2 vector multiplet.
There are various important consequences of this deformation. First, the F-term con-
ditions from W = QΦQ˜ are now absent so, unlike the N = 4 theory, there is a nontrivial
Higgs branch parametrized by the meson invariant
M = QQ˜ . (4.3)
Furthermore, in the N = 2 theory, the nonabelian global symmetries are broken down
to U(1)R × U(1)A, where U(1)R is the R-symmetry group (under which Q and Q˜ have
charge 0), and U(1)A is the sum of the unbroken U(1) subgroups of SU(2)L × SU(2)R
(under which Q and Q˜ have charge 1). Another new effect is that due to a one loop Chern-
Simons anomaly, the dual photon also acquires U(1)A and U(1)R charges [26]. The global
symmetries including the topological U(1)J are then
U(1)R U(1)A U(1)J
e±2pi(σ+iγ)/g2 1 -1 ±1
λ 1 0 0
q 0 1 0
ψq -1 1 0
q˜ 0 1 0
ψq˜ -1 1 0
(4.4)
Classically, the natural holomorphic coordinate for the Coulomb branch is
Σ = σ + iγ . (4.5)
As in the N = 4 theory, the Coulomb branch receives quantum-mechanical corrections,
splitting into two regions V±. Far along the Coulomb branch, v± ∼ e±2piiΣ/g2 , which are
cylinders of radius g (recalling the periodicity γ → γ + g2). Near the origin, where the
Coulomb and Higgs branch intersect, v± shrink to zero size. Therefore, the moduli space
near the origin is topologically the intersection of three cones M and V±.
The magnetic theory is the description of such a low energy region, in terms of the
gauge invariant fields M and V±, subject to the superpotential
W =
√
2hMV+V− , (4.6)
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which is the most relevant interaction consistent with the symmetries that correctly repro-
duces the previous topological structure. The global symmetries follow from (4.4), with
the identification M = QQ˜ and v± ∼ e±2piiΣ/g2 :
U(1)R U(1)A U(1)J
V± 1 -1 ±1
M 0 2 0
(4.7)
We can also include external sources Vˆ for U(1)J . In this case, the Lagrangian is
Lmag =
∫
d4θ
(
V †+e
2Vˆ V+ + V
†
−e
−2Vˆ V− +M †M
)
+
∫
d2θ
√
2hMV+V− + c.c. (4.8)
The magnetic theory has a relevant coupling h (with dimension [h2] = 1), which
determines the strength of quartic and Yukawa interactions. It flows to an interacting
fixed point that is a supersymmetric generalization of the Wilson-Fisher fixed point in
three dimensions. Mirror symmetry then relates N = 2 SQED at strong coupling E  g2
to the supersymmetric Wilson-Fisher theory in the strongly coupled regime E  h2. Unlike
the N = 4 case, this is a strong-strong duality. In the N = 4 duality there was an exact
map between the electric and magnetic variables, given by the Taub-NUT sigma model.
However, for N = 2 mirror symmetry, we do not have such an explicit dictionary of the
duality, except for the meson M = QQ˜. The strong dynamics of the magnetic theory will
have important consequences once we add the lattice of magnetic impurities. In particular,
let us note for future use that the fermions ψ± arise as composites of the electric degrees
of freedom,
ψ± = f(σ)e±2piiγ/g
2
λ , (4.9)
where λ is the SQED gaugino, and f(σ) is some unknown function which, unlike the Taub-
NUT case, receives corrections to all orders in perturbation theory. The dependence on
the dual photon is fixed by global symmetries.
4.2 Dynamics in the presence of magnetic impurities
We are now ready to add the lattice of external magnetic impurities to N = 2 SQED. As
in the previous case, we work with a uniform distribution of impurities and at distances
much larger than the lattice spacing, so that their effect is equivalent to a uniform Aˆ0 —
a chemical potential for the U(1)J symmetry.
The dynamics at weak coupling is very similar to that of section 2, the main difference
being the absence of Φ and of the superpotential coupling W =
√
2QΦQ˜. At the classical
level, the source Aˆ0 generates a constant magnetic field B =
g2
2pi Aˆ0. The charged scalars
and fermions are then in Landau levels with spectrum (2.23). They give rise to a one-loop
instability for the Coulomb branch (2.28), which is the same as in the N = 4 theory with
the replacement |~φ| = |σ|. This runaway towards large σ can be avoided by adding a
nonsupersymmetric potential for σ,
V ⊃ |σ|β , β > 0 . (4.10)
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Let us now discuss the dynamics from the point of view of the magnetic variables V±
and M . At weak coupling, the dynamics is controlled by the Lagrangian
Lmag = |(∂0 − iAˆ0)v+|2 − |∂iv+|2 + |(∂0 + iAˆ0)v−|2 − |∂iv−|2 + iψ¯+
[
γ0(∂0 − iAˆ0) + γi∂i
]
ψ+
+iψ¯−
[
γ0(∂0 + iAˆ0) + γ
i∂i
]
ψ− + |∂µM |2 + iψ¯M 6∂ψM − Vmag (4.11)
where the potential
Vmag = 2|h|2(|v+v−|2 + |Mv+|2 + |Mv−|2) +
√
2h(Mψ+ψ− + v+ψMψ− + v−ψMψ+) + c.c.
(4.12)
The theory suffers from a classical instability due to the chemical potential for the charged
scalars. For instance, the quartic potential in (4.12) vanishes along v− = M = 0, while
the tachyonic contribution from the chemical potential lowers the energy by increasing v+.
This is the counterpart of the quantum instability in the electric theory.
The simplest way to lift the tachyon is by adding a nonsupersymmetric term
V ⊃ cα(|v+|2 + |v−|2)α . (4.13)
For α = 1 and cα > Aˆ
2
0, the charged scalars are stabilized at the origin. It is also possible
to have a vacuum away from the origin. In this case, the Yukawa interactions mass-up ψM
and one linear combination of the charged fermions 〈v+〉ψ−+ 〈v−〉ψ+. It is also important
to note that the mapping between nonsupersymmetric deformations (4.10) and (4.13) is
not known explicitly, unlike the N = 4 case. Nevertheless, all that we need for our purpose
is that such a mapping exists, which is guaranteed by the matching of moduli spaces of the
electric and magnetic theory.
To summarize, the possible phases of the magnetic theory at tree level are
A) a vortex Fermi surface interacting with a relativistic boson M and fermion ψM ;
B) a superfluid phase where some of the charged scalars condense, together with a mass-
less fermion which, depending on the scalar condensate, could have a nonvanishing
Fermi surface.
4.3 One-loop analysis of the magnetic theory
In what follows we will focus on the phase A) above, which arises when the scalars v± are
stabilized at the origin. At tree level, the magnetic theory describes a Fermi surface for the
fermionic vortices ψ±, together with the meson chiral superfield (M,ψM ). We will describe
what happens at one loop, and then present some guesses about the dynamics at strong
coupling. The one-loop analysis becomes uncontrolled (even if the Yukawa coupling is
perturbatively small) in certain kinematic regimes, a fact familiar from many earlier studies
of the theory of gapless bosons coupled to a Fermi surface. Nevertheless, it provides useful
intuition, and is controlled in some energy range (when the Yukawa coupling is sufficiently
small). It could be interesting to analyze a controlled version of this theory (for instance
using large N), a point which we hope to address in the future.
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Figure 6. One-loop self-energy diagram for the bosonic field M .
Neutrality of the U(1)A charge requires
ψ¯+γ
0ψ+ + ψ¯−γ0ψ− = 0 (4.14)
so that the number density of ψ+ and ψ− have the same magnitude and opposite sign, and
the total U(1)J charge is proportional to twice the volume of each of the Fermi surfaces,
Q = 2
∫
d2x ψ¯+γ
0ψ+ . (4.15)
Let us now discuss the interactions between these degrees of freedom. The gapless boson
M couples to ψ± via a Yukawa interaction. The 3d Dirac fermion ψM couples to ψ± via
irrelevant quartic interactions, obtained by integrating out the massive v±. Therefore, the
tree level potential for the light fields is
V =
√
2hMψ+ψ− + c.c.− 2|h|
2
m2
|ψM |2(|ψ+|2 + |ψ−|2) . (4.16)
We now proceed to compute the one loop self-energies for the light fields. The propa-
gator for a field φ is denoted by Gφ(p) = 〈φ(p)φ∗(p)〉, and its one loop self-energy by Σφ,
so that
G
(1)
φ (p) = G
(0)
φ (p)−G(0)φ (p) Σφ(p)G(0)φ (p) + . . . =
1
G
(0)
φ (p)
−1 + Σφ(p)
. (4.17)
Here G(0) and G(1) are the tree level and one loop Green’s functions, respectively.
For the boson M , evaluating the diagram in figure 6, we find
ΣM (p) = −|h|2
∫
d3q
(2pi)3
G
(0)
ψ+
(q)G
(0)
ψ−(−q − p) = |h|2
∫
d3q
(2pi)3
i
/q + /ˆA
i
/p+ /q + /ˆA
, (4.18)
where Aˆµ = (µ, 0, 0) and the i prescription, not shown here, amounts to replacing /q →
/q+ i. The dependence on the chemical potential can be absorbed into a redefinition of the
loop momentum, so the boson self-energy is the same as in the relativistic case. Evaluating
this integral one obtains6
iG
(1)
M (p)
−1 = (ω2 − ~k2)
[
1 +
|h|2
16
1√
~k2 − ω2
]
. (4.19)
6See [27] for the required formulas in d dimensions and for the conventions which we follow here.
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Figure 7. One-loop self-energy diagram for the charged fermion fields.
Similarly, for the self-energies of the charged fermions we obtain from the diagrams in
figure 7
Σψ±(p) = |h|2
∫
d3q
(2pi)3
G
(0)
ψ∓(q)G
(0)
M (p+ q) = |h|2
∫
d3q
(2pi)3
i
/q ∓ /ˆA
i
(p+ q)2
. (4.20)
After a redefinition of the loop momentum, this one-loop diagram coincides with the rela-
tivistic one, but with a shifted external momentum p± /ˆA. The inverse one loop propagator
then reads
iG
(1)
ψ±(p)
−1 = (/p± /ˆA)
[
1 +
|h|2
32
1√
~p2 − (ω ± µ)2
]
. (4.21)
In both cases we find nontrivial contributions to the tree level kinetic term. These
modify the IR scaling dimensions and lead to non Fermi liquid behavior. For the boson,
the wavefunction renormalization ZM becomes singular on mass-shell; this comes from the
cancellation of the chemical potential contributions of ψ+ and ψ− inside the loop. For the
charged fermions, the wavefunction renormalization Zψ± becomes singular on the Fermi
surface, signaling the fact that we have integrated out light degrees of freedom.
An important simplification in this theory is that there is no one loop renormalization
of the coupling h, a consequence of having an interaction of the form V ⊃ hMψ+ψ−.
Therefore, the running of the physical coupling at one loop is determined solely in terms of
wavefunction renormalization. This property is inherited from the supersymmetric theory,
where holomorphic superpotential interactions are not renormalized in perturbation theory.
4.4 Comments on infrared dynamics
In the previous section we computed the one loop corrections to the magnetic theory, where
a gapless boson interacts with Fermi surfaces for the vortices ψ±. At energy scales E ∼ |h|2
the theory becomes strongly coupled and perturbation theory cannot be trusted. This is
also the regime where the duality between the electric and magnetic descriptions holds.
We will now discuss some aspects of the long distance dynamics and ways to control it,
leaving a more detailed analysis to the future. Very similar systems have been analyzed in
detail, with differing assumptions, in the recent works [28–33].
The first possibility is to generalize the model to include N flavors ψ±. Taking N  1,
it may be possible to have a controlled 1/N expansion that leads to a fixed point, or at
least an approximate fixed point which governs the theory over a certain energy range. To
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see this, it is useful to introduce the dimensionless physical coupling
h¯2 = ZMZψ+Zψ−
|h|2
E
(4.22)
where E is an energy scale and Zi are the wavefunction renormalization factors computed in
section 4.3. At large N the one loop self-energy corrections to the fermions are subleading,
so if we are far enough from the Fermi surface, so at a momentum-scale k we have
h¯2 ≈
(
1 +N
|h|2
16
1
|k|
)−1 |h|2
|k| . (4.23)
At low energies, this gives a fixed point h¯2 ≈ 16/N . This fixed point is similar to those
discussed in [34, 35]. One important difference in our setup is the presence of a Fermi
surface; in particular, close enough to the Fermi surface the 1/N expansion breaks down due
to the singularity in (4.21). The infrared singularities from the Fermi surface excitations
may also affect the theory through higher loops, as in [28].
It would be interesting to study the large N dynamics of this theory in more detail. Our
previous arguments suggest the possibility of a fixed point for the gapless boson interacting
with the Fermi surfaces, or at least an approximate fixed point which governs the theory
over some range of momenta. Such a phase of matter is believed by some to be relevant for
high Tc superconductors, where the gapless boson can appear as a gauge redundancy from
the spinon-holon separation. For this reason, such theories have been intensely studied
in the past, using large N to extract results at long distance [19–21]. More recently [28]
argued that IR divergences from the Fermi surface invalidate the large N expansion. It
would be interesting to understand whether the arguments of that work apply also to our
model, whose matter content and interactions are different from [19].
Another option in order to have a perturbative expansion is to consider the theory
near its upper critical dimension, d = 4 − , with small . In this limit the boson and
fermion self-energy have logarithmically divergent contributions and hence nonvanishing
anomalous dimensions. Balancing the one loop contributions to the beta function βh
against the classical running from [h] = /2 yields a fixed point with |h|2 ∼ 2, and
anomalous dimensions γ ∼  — a generalization of the Wilson-Fisher fixed point. This
leads to a non Fermi liquid under perturbative control, which we hope to analyze in detail
in a future work. A similar theory was recently discussed in detail in [31, 32].
5 Conclusions
It has been clear for many years that supersymmetric field theories provide a valuable
playground for understanding new phenomena in strongly coupled quantum field theory.
To date, this has largely been exploited to study the dynamics of Lorentz-invariant vacua
of such theories. In this paper and in [1], we have started to explore the lessons that
supersymmetric dualities might hold for the physics of strongly coupled systems at finite
charge density.
By examining the simplest mirror pairs of 3d supersymmetric abelian gauge theories,
doped with a chemical potential for the U(1)J global charge characteristic of such theories,
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we were able to exhibit examples of several interesting phenomena. These include the
emergence of itinerant fermions at a Fermi surface from a UV theory with fermions localized
at defects; emergent gauge fields and spin-charge separation; and dual descriptions of a
non-Fermi liquid arising from fermions at a Fermi surface coupled to a critical boson.
It is clear that the phase diagram of abelian gauge theories doped by impurities is
very rich, and here we have explored just the simplest possibilities. In particular, it will be
of interest to add a finite density of fermions to the electric description that contains the
lattice of magnetic impurities. Furthermore, it would be useful to extend these results to
models with Chern-Simons interactions (see e.g. [36, 37]), with less SUSY as in [38] or in
other dimensions. See for instance [39, 40] for an analysis of 4d supersymmetric QCD and
QED with nonzero chemical potential.
The results found here suggest that the framework of supersymmetric dualities might
be useful in understanding several problems of condensed matter physics. For instance, it
seems likely that one can find phase transitions with Fermi surface reconstruction, with the
Luttinger count at the Fermi surface increasing due to contributions from magnetic defects
— a problem whose physical interest is well described in [41]. This is also a natural setting
to search for soluble examples of Kondo lattice models, or more general non-Fermi liquids.
It is also quite plausible that in addition to obtaining lessons for field theory at finite
density by perturbing known mirror dualities, one may be able to find intrinsically new
dualities governing the non-relativistic fixed points of doped supersymmetric field theories.
These constitute promising problems for future research.
Acknowledgments
We would like to thank A.L. Fitzpatrick, S. Hartnoll, J. Kaplan, S. Kivelson, M. Mulligan,
S. Raghu and E. Silverstein for many discussions about related issues in field theory and
condensed matter physics. We also thank A.L. Fitzpatrick, S.S. Lee, J. McGreevy, and M.
Mulligan for comments on the draft. A.H. is supported by the Department of Energy under
contract DE-FG02-90ER40542. The research of S.K. and G.T. is supported in part by the
National Science Foundation under grant no. PHY-0756174. S.K. is also supported by
the Department of Energy under contract DE-AC02-76SF00515, and the John Templeton
Foundation. H.W. is supported by a Stanford Graduate Fellowship.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] A. Hook, S. Kachru and G. Torroba, Supersymmetric Defect Models and Mirror Symmetry,
JHEP 11 (2013) 004 [arXiv:1308.4416] [INSPIRE].
[2] S. Sachdev and X. Yin, Deconfined criticality and supersymmetry, arXiv:0808.0191
[INSPIRE].
– 25 –
J
H
E
P08(2014)031
[3] S.-S. Lee, Emergence of supersymmetry at a critical point of a lattice model, Phys. Rev. B 76
(2007) 075103 [cond-mat/0611658] [INSPIRE].
[4] P. Ponte and S.-S. Lee, Emergence of supersymmetry on the surface of three dimensional
topological insulators, New J. Phys. 16 (2014) 013044 [arXiv:1206.2340] [INSPIRE].
[5] B. Roy, V. Juricic and I.F. Herbut, Quantum superconducting criticality in graphene and
topological insulators, Phys. Rev. B 87 (2013) 041401 [arXiv:1210.3576] [INSPIRE].
[6] T. Grover, D.N. Sheng and A. Vishwanath, Emergent Space-Time Supersymmetry at the
Boundary of a Topological Phase, Science 344 (2014) 280 [arXiv:1301.7449] [INSPIRE].
[7] M.E. Peskin, Mandelstam ’t Hooft Duality in Abelian Lattice Models, Annals Phys. 113
(1978) 122 [INSPIRE].
[8] C. Dasgupta and B.I. Halperin, Phase Transition in a Lattice Model of Superconductivity,
Phys. Rev. Lett. 47 (1981) 1556 [INSPIRE].
[9] O. Motrunich and M. Fisher, D-wave correlated critical Bose liquids in two dimensions,
Phys. Rev. B 75 (2007) 235116 [cond-mat/0703261].
[10] K.A. Intriligator and N. Seiberg, Mirror symmetry in three-dimensional gauge theories, Phys.
Lett. B 387 (1996) 513 [hep-th/9607207] [INSPIRE].
[11] J. de Boer, K. Hori, H. Ooguri and Y. Oz, Mirror symmetry in three-dimensional gauge
theories, quivers and D-branes, Nucl. Phys. B 493 (1997) 101 [hep-th/9611063] [INSPIRE].
[12] A. Kapustin and M.J. Strassler, On mirror symmetry in three-dimensional Abelian gauge
theories, JHEP 04 (1999) 021 [hep-th/9902033] [INSPIRE].
[13] D. Cangemi, E. D’Hoker and G.V. Dunne, Derivative expansion of the effective action and
vacuum instability for QED in (2+1)-dimensions, Phys. Rev. D 51 (1995) 2513
[hep-th/9409113] [INSPIRE].
[14] L. Huijse and S. Sachdev, Fermi surfaces and gauge-gravity duality, Phys. Rev. D 84 (2011)
026001 [arXiv:1104.5022] [INSPIRE].
[15] D. Tong and K. Wong, Vortices and Impurities, JHEP 01 (2014) 090 [arXiv:1309.2644]
[INSPIRE].
[16] P.A. Lee, N. Nagaosa and X.-G. Wen, Doping a Mott insulator: Physics of high-temperature
superconductivity, Rev. Mod. Phys. 78 (2006) 17 [INSPIRE].
[17] S.-S. Lee, TASI Lectures on Emergence of Supersymmetry, Gauge Theory and String in
Condensed Matter Systems, arXiv:1009.5127 [INSPIRE].
[18] E. Fradkin, Field theories of condensed matter physics, Cambridge University Press (2013).
[19] J. Polchinski, Low-energy dynamics of the spinon gauge system, Nucl. Phys. B 422 (1994)
617 [cond-mat/9303037] [INSPIRE].
[20] Y.B. Kim, A. Furusaki, X.-G. Wen and P.A. Lee, Gauge-invariant response functions of
fermions coupled to a gauge field, Phys. Rev. B 50 (1994) 17917 [cond-mat/9405083].
[21] B.L. Altshuler, L.B. Ioffe and A.J. Millis, Low-energy properties of fermions with singular
interactions, Phys. Rev. B 50 (1994) 14048 [INSPIRE].
[22] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles and three-dimensional
gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230] [INSPIRE].
– 26 –
J
H
E
P08(2014)031
[23] J. de Boer, K. Hori, H. Ooguri, Y. Oz and Z. Yin, Mirror symmetry in three-dimensional
theories, SL(2,Z) and D-brane moduli spaces, Nucl. Phys. B 493 (1997) 148
[hep-th/9612131] [INSPIRE].
[24] J. de Boer, K. Hori, Y. Oz and Z. Yin, Branes and mirror symmetry in N = 2
supersymmetric gauge theories in three-dimensions, Nucl. Phys. B 502 (1997) 107
[hep-th/9702154] [INSPIRE].
[25] J. de Boer, K. Hori and Y. Oz, Dynamics of N = 2 supersymmetric gauge theories in
three-dimensions, Nucl. Phys. B 500 (1997) 163 [hep-th/9703100] [INSPIRE].
[26] O. Aharony, A. Hanany, K.A. Intriligator, N. Seiberg and M.J. Strassler, Aspects of N = 2
supersymmetric gauge theories in three-dimensions, Nucl. Phys. B 499 (1997) 67
[hep-th/9703110] [INSPIRE].
[27] M.E. Peskin and D.V. Schroeder, An Introduction to quantum field theory, Addison-Wesley,
Reading, U.S.A. (1995).
[28] S.-S. Lee, Low energy effective theory of Fermi surface coupled with U(1) gauge field in 2+1
dimensions, Phys. Rev. B 80 (2009) 16 [arXiv:0905.4532].
[29] M.A. Metlitski and S. Sachdev, Quantum phase transitions of metals in two spatial
dimensions: I. Ising-nematic order, Phys. Rev. B 82 (2010) 075127 [arXiv:1001.1153]
[INSPIRE].
[30] D.F. Mross, J. McGreevy, H. Liu and T. Senthil, A controlled expansion for certain
non-Fermi liquid metals, Phys. Rev. B 82 (2010) 045121 [arXiv:1003.0894] [INSPIRE].
[31] A.L. Fitzpatrick, S. Kachru, J. Kaplan and S. Raghu, Non-Fermi liquid fixed point in a
Wilsonian theory of quantum critical metals, Phys. Rev. B 88 (2013) 125116
[arXiv:1307.0004] [INSPIRE].
[32] A.L. Fitzpatrick, S. Kachru, J. Kaplan and S. Raghu, Non-Fermi liquid behavior of large-NB
quantum critical metals, Phys. Rev. B 89 (2014) 165114 [arXiv:1312.3321] [INSPIRE].
[33] D. Dalidovich and S.-S. Lee, Perturbative non-Fermi liquids from dimensional regularization,
Phys. Rev. B 88 (2013) 245106 [arXiv:1307.3170] [INSPIRE].
[34] T. Appelquist and U.W. Heinz, Three-dimensional O(N) theories at large distances, Phys.
Rev. D 24 (1981) 2169 [INSPIRE].
[35] T. Appelquist, D. Nash and L.C.R. Wijewardhana, Critical Behavior in (2+1)-Dimensional
QED, Phys. Rev. Lett. 60 (1988) 2575 [INSPIRE].
[36] D. Tong, Dynamics of N = 2 supersymmetric Chern-Simons theories, JHEP 07 (2000) 019
[hep-th/0005186] [INSPIRE].
[37] D.L. Jafferis and X. Yin, Chern-Simons-Matter Theory and Mirror Symmetry,
arXiv:0810.1243 [INSPIRE].
[38] S. Gukov and D. Tong, D-brane probes of special holonomy manifolds and dynamics of
N = 1 three-dimensional gauge theories, JHEP 04 (2002) 050 [hep-th/0202126] [INSPIRE].
[39] R. Harnik, D.T. Larson and H. Murayama, Supersymmetric color superconductivity, JHEP
03 (2004) 049 [hep-ph/0309224] [INSPIRE].
[40] A. Cherman, S. Grozdanov and E. Hardy, Searching for Fermi Surfaces in Super-QED,
arXiv:1308.0335 [INSPIRE].
[41] T. Senthil, Critical Fermi surfaces and non-Fermi liquid metals, Phys. Rev. B 78 (2008)
035103 [arXiv:0803.4009]
– 27 –
